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A phenomenological model for the interface between trivial and topological two-dimensional in-
sulators possessing the same band gap is presented. The model depends on three measurable pa-
rameters, the energy gap Eg, the Fermi velocity of the metallic edge states vF and the thickness
of the interface ∆ where the gap inversion occurs, and can be reduced to the Schro¨dinger equation
for the modified Po¨schl-Teller potential, which admits an analytical solution. It is demonstrated
that the underlying physics is determined by the adimensional parameter α = Eg∆/2~vF , whose
integral part determines the number of massive bound states at the interface. Furthermore, when
α is exactly an integer, waves incident on the interface are never reflected. Results for parameters
chosen in the typical scale of condensed matter systems are briefly discussed.
PACS numbers: 11.10.-z, 73.20.-r, 73.43.-f
Topological insulators were brought to the forefront of
theoretical physics research by the seminal work of Kane
and Mele[1, 2], where it was shown that two-dimensional
periodic systems can have unusual physical properties
due to the topology of their band structures, namely the
quantization of Spin Hall conductivity, and the presence
of spin-momentum locked gapless states at the border
between insulators of distinct topological classes.
The metallic edge states can be understood in a va-
riety of ways, such as the chiral zero mode first studied
by Jackiw and Rebbi[3, 4] or within the formalism of a
four-band insulator model where the interaction between
two distinct spin polarizations of the electrons put them
in two different topological phases of Haldane’s model[5]
(see also Ref. 6 and references therein), each giving rise
to metallic edge states propagating in opposing directions
at the border.
Despite the tremendous interest in two-dimensional
topological insulators (TIs), the study of the physics at
the interface of a TI and a regular insulator has been
so far hampered by the lack of simple phenomenological
models to describe this system. In this letter, I present
such a model, inspired from field theory, valid when both
the TI and the regular insulator have the same gap, and
show that it can be solved analytically, deriving the full
spectrum of midgap massive surface states, the chiral
metallic states, and the reflection and transmission co-
efficients for scattering states.
Working with units ~ = vF = 1, where vF is the
Fermi velocity of the gapless states at the border, the
Lagrangian we are interested in is, in 2+1 dimensions,
L = 1
2
(∂µφ)
2 − λ
4
(φ2 − η2)2 + iψ¯γµ∂µψ − gφψ¯ψ, (1)
where φ is a massless real scalar field, which acquires
mass through spontaneous symmetry breaking, and ψ
is a four-component spinor, associated with the electron
and hole states of different spin, which acquires a mass
by coupling with the scalar field by means of the Yukawa
term with coupling constant g > 0.
We are interested in the fermionic states propagating
through a fixed scalar field φ. The self interaction term
places the energy minimum at φ = ±η, and we look for
static (∂tφ = 0) solutions, which are homogeneous in
the x coordinate (∂xφ = 0) and satisfy the boundary
conditions φ(y = ±∞) = ±η.
Under these assumptions, the scalar and fermionic
fields each acquire a mass at |y| → ∞, given by ms =√
2λη and mf = gη. Neglecting the Yukawa term, the
equation for the scalar field has the well-known Z2 kink
solution[7]
φ = η tanh(msy/2) = η tanh(y/∆), (2)
where I have introduced the parameter ∆, related to the
thickness of the domain wall. The bound states for this
system in 1+1 dimensions have been studied in Ref. 8,
while scattering states have been considered in the limit
∆ → 0 in Ref. 9. In this work, I generalize both results
to (2+1)D and also provide a more elementary solution
to the problem.
The Dirac equation in the fixed scalar field background
reads
(iγµ∂µ − gφ)ψ = 0. (3)
To make the connection to topological insulators, we
choose the Dirac matrices
γt =
[
σz 0
0 σz
]
, γx =
[
iσy 0
0 −iσy
]
, γy =
[
iσx 0
0 iσx
]
,
(4)
2where σi denote the Pauli spin matrices. The gamma ma-
trices are block diagonal, and the upper and lower com-
ponents represent the spin up and spin down bands, re-
spectively. The equation reduces to two analogous equa-
tions for two-component spinors ψ1 and ψ2. We write
the solution for these spinors as
ψi(x, y; t) = e
i(qxx−Et)
{
u+(y)
[
1√
2
1√
2
]
+ u−(y)
[−1√
2
1√
2
]}
.
(5)
In the context of TIs, the quantity qx represents the
x-component of the momentum around a Time-Reversal
Invariant Momentum (TRIM)[10], given by q = k − λ,
since it is the gap closing at this point that causes the
appearance of metallic edge states[6]. With the previous
ansatz, we obtain
[
E − gφ ∓qx − ∂y
±qx − ∂y −E − gφ
] [
u+ − u−
u+ + u−
]
=
[
0
0
]
, (6)
where the upper and lower signs appear in the spin up
and down components, respectively. Rearranging the
equations, we get
(∂y + gφ)u+ = −(E ± qx)u−, (7)
(∂y − gφ)u− = (E ∓ qx)u+. (8)
Applying (∂y ∓ gφ) on the left, the equations assume
the same form for spin up and spin down:
− ∂2yu± + g(gφ2 ∓ ∂yφ)u± = (E2 − q2x)u±. (9)
From now on, we will work with the equation for u−,
as the one for u+ can be solved with trivial modifications.
Substituting φ, defining α = 2mf/ms and writing q
2
y =
E2 − m2f − q2x, we get a Schro¨dinger equation for the
Modified Po¨schl-Teller potential[11]:
u′′ +
[
q2y +
α(α − 1)
∆2
sech2
( y
∆
)]
u = 0. (10)
It is well-known that, by performing the change of vari-
ables
z = cosh2(y/∆), u(z) = zα/2v(z), (11)
one obtains the hypergeometric equation
z(1− z)v′′ + [c− (a+ b+ 1)z]v′ − abv = 0, (12)
where
a =
1
2
(α+ iqy∆) , b =
1
2
(α− iqy∆) , c = λ+ 1
2
.
(13)
We want the solutions around the singular point z = 1,
given by
2F1(a, b, 1 + a+ b− c; 1− z), (14)
(1 − z)c−a−b 2F1(c− a, c− b, 1 + c− a− b; 1− z), (15)
where the hypergeometric function 2F1 is defined in
terms of the Pochhammer symbol (q)n = Γ(q + n)/Γ(q)
as
2F1(a, b, c; z) =
∞∑
n=0
(a)n(b)n
(c)n
zn
n!
. (16)
These two solutions are even and odd, and we can write
the wave function u in terms of the spatial coordinate y
as
uA(y) = cosh
α(y/∆)2F1(a, b, 1/2;− sinh2 y/∆), (17)
uB(y) = cosh
α(y/∆) sinh(y/∆)× (18)
2F1
(
a+
1
2
, b+
1
2
,
3
2
,− sinh2(y/∆)
)
.
To analyze the asymptotic behavior of the solutions at
|y| → ∞, we work with the hypergeometric function in
the limit z → −∞ with the identity[12]
2F1(a, b, c;z → −∞) = (1 − z)−aΓ(c)Γ(b − a)
Γ(b)Γ(c− a)
+ (1− z)−bΓ(c)Γ(a− b)
Γ(a)Γ(c− b) (19)
For scattering states, qy is real. Omitting unimportant
normalization factors, we have
uA(y)→

 Γ(−iqy∆)eiqy(∆ ln 2−|y|)
Γ
(
α−iqy∆
2
)
Γ
(
1−α−iqy∆
2
) + c.c.

 (20)
uB(y)→ ±

 Γ(−iqy∆)eiqy(∆ ln 2−|y|)
Γ
(
α+1−iqy∆
2
)
Γ
(
2−α−iqy∆
2
) + c.c.

 (21)
Therefore, at |y| → ∞, we have the asymptotic behav-
ior
uA(y)→ cos(qy|y|+φA), uB(y)→ ± cos(qy |y|+φB).
(22)
3To study scattering, we first notice that, since the
fermion masses at |y| → ∞ are the same, there is no
refraction at the interface. The incoming wave either
passes through or gets reflected. To understand the in-
fluence of spin, we need to compute the reflection and
transmission matrices R and T , seeking a solution of the
form
ψ(y) =
{
(eiqyy +Re−iqyy)ψ0, y → −∞
Teiqyyψ0, y → +∞ (23)
We are about to see that the matrices R and T are
proportional to the identity. For that, it suffices to study
the scattering of the wave function given by u−(y). If we
compose a solution of the form
u− = AuA +BuB, (24)
it is possible to show[11] that the reflection and trans-
mission coefficients are given by
|R|2 = cos2(φA − φB), |T |2 = sin2(φA − φB). (25)
The difference of the phases in the Gamma functions in
(20) and (21) can be computed by applying Γ(z¯) = Γ(z),
the Euler reflection formula
Γ(z)Γ(1− z) = pi/ sinpiz, (26)
and the identity
arg sin(a+ bi) = tan−1 (cota tanh b) . (27)
After elementary trigonometric manipulations, we get
tan(φA − φB) = sinh(piqy∆)
sin(αpi)
. (28)
Substituting this value in (25), we conclude that the
scattering is periodic in α, with period 1. Since our so-
lution, valid for u−, can be applied to u+ by the trans-
formation α → α + 1, both u− and u+ waves scatter
identically, and the reflection and transmission matrices
should be proportional to the identity, as claimed before.
Besides that, another interesting physical phenomenon
happens. When α = 2mf/ms (or, in standard units, α =
Eg∆/2~vF ) is an integer, the wave is transmitted entirely
(|T |2 = 1) and the barrier is transparent. Meanwhile,
when α is not an integer and the particle runs almost
parallel to the wall (small qy), |R|2 → 1 and the interface
is reflective.
To analyse the bound states, it suffices to set qy = iκ,
with κ > 0. Under this condition, the parameters a and b
become real, and the first terms in (20) and (21) grow like
eκ|y|. Therefore, the coefficients multiplying them must
vanish in order to obtain a normalizable state. That hap-
pens when the arguments of the second Gamma function
in the denominator are at the poles, located at nonposi-
tive integers. Grouping all the conditions, we must have
E2n − q2x −m2F = −
(α− 1− n−)2
∆2
= − (α− n
+)2
∆2
, (29)
and it follows that n+ − n− = 1. The states with energy
En correspond to particle and hole states within the gap,
with mass given by
mn = mf
√
2n
α
− n
2
α2
, 1 ≤ n ≤ α (30)
Thus, the integral part of α gives the number of mas-
sive bound states trapped at the wall. The state with
n+ = 0 is special. The only way to satisfy (9) for u−
is with u− = 0. Substituting this into (8), we obtain
E = qx for spin-up and E = −qx for spin-down. These
are, then, massless states, where the sign of the energy
dependence gives the group velocity of the wave. It is
readily seen that spin-up states propagate to the right,
and spin-down ones to the left, as expected in TIs.
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FIG. 1: Dispersion relation for the system with parameters
vF = c/300, ∆ = 10 nm and Eg = 0.2 eV. The calculated
value for α is approximately 1.52, giving rise to exactly one
massive particle (and hole) state inside the gap.
To observe the massive bound states, it is necessary to
have a material with a large band-gap, large wall thick-
ness and small Fermi velocity. A plot with the full spec-
trum of states is presented in Fig. 1, with parameters
chosen in the typical range for condensed matter systems.
It is readily seen that it should be possible to engineer
materials so that α > 1.
In summary, I have presented a phenomenological
model for the interface between trivial and topological
42D insulators with the same band gap Eg, that depends
on the thickness of the interface ∆ and the Fermi veloc-
ity vF . The physics of the system is controlled by the
adimensional parameter α = Eg∆/2~vF , which controls
the mass of the bound states trapped at the interface
and also their number. I have shown that, when α is an
integer, the interface is transparent to scattering states,
and incoming particles are transmitted entirely, and also
provided results for typical values of the measurable pa-
rameters.
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